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Abstract

A simplerelaxationmethodfor the solutionof a 2D Laplaceequation((1%¢ = 0)
on arectanguladomainis implementedusingmatrix arraysin MATLAB with two
differentapproachesTherateof cornvergenceof thetwo approachearestudiedfor
variousgrid sizes. It is notedthatthe corvergencerateis inverselyproportionalto
thesizeof thegrid, andthatthelatterapproachversion2) is twice asfastasthefirst
approachversionl).

1 Approach

Thegenerakolutionfor aLaplaceequation1?@(x,y) = 0 is reasonablgomple and
dependn the specifiedboundaryconditions. For simplicity, the boundarycondi-
tionsin our numericalexperimentare specifiedonly on the “edges”andare setto

be zero, so that the expectedsolution of the problemis trivial (zero everywhere),
thusmakingthe comparisoreasy Two versionsof the relaxationalgorithmareim-

plementedpneusingthe averageof only the“old” valuesof the neighborgversion
1):

Steplof 2: @;=025( 1]+ Pr1j+@j-1+@j+1) Vo]
Step2 of 2: @j=Q; Voo

andthe otherusingwhateser valuesarestoredin the neighboringlocationswhether
or notthey areold or new (version2):

Stepl of 1. 0, =025@-1j+@11j +@j-1+@jr1) VYV 0]

TheMATLAB programfor theabove approachess attachedttheendof thereport.



2 Results

The problemwassolved usingboththe approachesnentionedabore. To studythe
effect of the size of the grid on the corvergencerate, several runswere conducted
with increasingyrid sizesandthenumberof iterationsrequiredto corvergeto afixed
state(wheretheresidualwastwo orderslower ,i.e., 100timessmallerthantheinitial
residual)wasrecorded. The datafor both the approachesanbe seenin figure 1.
A polynomialfit wasdoneon the data,andit wasobsered thata quadraticcurve
fits the dataalmostperfectly The numberof iterationsrequiredfor anN x N grid
for version 1 of the programcanbe representeds0.890N? + 1.97N + 0.06, andthe
samefor version 2 of the programcan be representecs 0.445N? + 1.00N + 0.67.
A samplecorvergenceplot (log;q||Frobeniushorm|| vs numberof iterations)for a
50x 50 grid for boththe approachesanbe seenin figure 2.
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Figure 1. Effect of the grid size on the number of iterations required (for
log,o||[Residudl = —2)
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Figure2: Cornvergenceratefor a50 x 50 grid

3 Conclusions

Fromthe abore plot (figure 1) andthe polynomialfit data,it is concludedthatthe
numberof iterationsrequiredto reachthe samestateof corvergencefor agivengrid
sizeN x N, is directly proportionalto the sizeof thegrid (which hasN? nodes).For
large N, it is roughly 0.890N? for version 1, and 0.445N? for version 2. In other
words,therateof corvergenceis inverselyproportionalto the grid size. Comparing
the curvesfor the two differentapproachesyersion 1 andversion 2, it is clearthat
version 2 is fasterby a factorof 2, andis hencea betterrelaxationalgorithm for
solvingtheabove equation.
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num_grid = 20; % number of different grid sizes

errLimit = 2.0; % convergence limit  specified  as -log10(norm)
version = 1; % which approach to be used (1 or 27?)
plotlag = 0; % whether the data should be plotted?
filename = sprintf('conv%d.out’ Vv ers ion );

outf = fopen(filename,'w’ );

for count=1:num_grid

k = 5*count; %k = 5,10,....,95,100

% print  out what we are doing.

fprintf('Version %d for HW#1 with gridsize  %dx%dand logl0(resid)
version,k,k,-errLim it) ;

% initialize two arrays, for the relaxation iteration...

oldM = zeros(k+2,k+2); newM = oldM;
% x and y positions  for plotting

X = [0:k+1]./(k+1);

Y = [0:k+1]./(k+1);

% set the middle of oldM to ones, keeping the boundary at zero.

oldM(2:k+1,2:k+1) = ones(k,k);
if version ==
newM = oldM;
end
% plot the initial image
if plotflag ==
graph_title = sprintf(Initial conditions  (%dx%d grid)’k,k);
figure(1); subplot(3,1,1); surf(Y,X,oldM); title(graph_title);
end
% do a few iterations iterations of relaxation (version 1)
it =0
errlog = 10.0;
erflogd = norm(oldM);

= %g\n’,...



while  (-errlog < errLimit)

it =it + 1;
if version ==
for i=2:k+1
for j=2:k+1
newM(i,j) = 0.25*(oldM(i-1,j)+ ol dM(i+1 j) +oldM (i, -1 )+told M(i j+ 1));
end
end
oldM(2:k+1,2:k+1) = newM(2:k+1,2:k+1);
elseif  version ==
for i=2:k+1
for j=2:k+1
newM(ij) = 0.25%(newM(i-1,j)+ newM(+1 ,j) +newMi, j-1 )+ newM(i j+ 1));
end
end
end
% copy interior values back to oldM
errlog = logl0(norm(newM)/e  rr log 0);
end % while loop for convergence ends
fprintf(’k = %d, iter = %d, errlog = %g\n’k,it,-errlog) ;
fprintf(outf,'%d %d\n’ k,it);

% plot the image after "it" iterations
if plotflag ==

graph_title = sprintf(After %d iterations
figure(1); subplot(3,1,2); surf(Y,X,newM);
end

end %the loop for grid size ends
fclose(outf);

(Version  %d)',it,version);

title(graph_title);

pause(0);



