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Abstract

A simplerelaxationmethodfor thesolutionof a2D Laplaceequation(∇2φ � 0)
on a rectangulardomainis implementedusingmatrix arraysin MATLAB with two
differentapproaches.Therateof convergenceof thetwo approachesarestudiedfor
variousgrid sizes. It is notedthat theconvergencerateis inverselyproportionalto
thesizeof thegrid, andthatthelatterapproach(version2) is twiceasfastasthefirst
approach(version1).

1 Approach

Thegeneralsolutionfor aLaplaceequation∇2φ
�
x � y � � 0 is reasonablycomplex and

dependson thespecifiedboundaryconditions.For simplicity, theboundarycondi-
tions in our numericalexperimentarespecifiedonly on the “edges”andaresetto
be zero,so that the expectedsolutionof the problemis trivial (zeroeverywhere),
thusmakingthecomparisoneasy. Two versionsof therelaxationalgorithmareim-
plemented,oneusingtheaverageof only the“old” valuesof theneighbors(version
1):

Step1 of 2: φ �i � j � 0 � 25
�
φi � 1 � j � φi 	 1� j � φi � j � 1 � φi � j 	 1 � 
 i � j

Step2 of 2: φi � j � φ �i � j 
 i � j

andtheotherusingwhatever valuesarestoredin theneighboringlocationswhether
or not they areold or new (version2):

Step1 of 1: φi � j � 0 � 25
�
φi � 1 � j � φi 	 1� j � φi � j � 1 � φi � j 	 1 � 
 i � j

TheMATLAB programfor theaboveapproachesis attachedat theendof thereport.
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2 Results

Theproblemwassolved usingboth theapproachesmentionedabove. To studythe
effect of the sizeof the grid on the convergencerate,several runswereconducted
with increasinggrid sizesandthenumberof iterationsrequiredto convergeto afixed
state(wheretheresidualwastwo orderslower ,i.e.,100timessmallerthantheinitial
residual)wasrecorded.The datafor both the approachescanbe seenin figure 1.
A polynomialfit wasdoneon the data,andit wasobserved that a quadraticcurve
fits thedataalmostperfectly. The numberof iterationsrequiredfor an N � N grid
for version 1 of theprogramcanberepresentedas0 � 890N2 � 1 � 97N � 0 � 06,andthe
samefor version 2 of the programcanbe representedas0 � 445N2 � 1 � 00N � 0 � 67.
A sampleconvergenceplot (log10 �
�Frobeniusnorm�
� vs numberof iterations)for a
50 � 50grid for boththeapproachescanbeseenin figure2.

Grid size (N x N)

N
u

m
b

e
r

o
f

It
e

ra
ti
o

n
s

0 10 20 30 40 50 60 70 80 90 100
0

1000

2000

3000

4000

5000

Version 1
Version 2

0.890N2+1.97N+0.06

0.445N2+1.00N+0.67

Figure 1: Effect of the grid size on the number of iterations required (for
log10 ���Residual������� 2)
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Number of iterations
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Figure2: Convergenceratefor a50 � 50grid

3 Conclusions

From the above plot (figure 1) andthe polynomialfit data,it is concludedthat the
numberof iterationsrequiredto reachthesamestateof convergencefor agivengrid
sizeN � N, is directly proportionalto thesizeof thegrid (whichhasN2 nodes).For
large N, it is roughly 0 � 890N2 for version 1, and0 � 445N2 for version 2. In other
words,therateof convergenceis inverselyproportionalto thegrid size.Comparing
thecurvesfor the two differentapproaches,version 1 andversion 2, it is clearthat
version 2 is fasterby a factor of 2, and is hencea betterrelaxationalgorithmfor
solvingtheabove equation.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%% %
%%CSE 557 - HW#1 %
%%[http://www.cse.psu .ed u/˜ pla ss man/cs e557/ ass ign ments /hw 1.h tml ] %
%%by Anirudh Modi (anirudh@anirudh. net ) on 1/28/2000-Fri %
%%(modi@cse.psu.edu) %
%% %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

num_grid = 20; % number of different grid sizes
errLimit = 2.0; % convergence limit specified as -log10(norm)
version = 1; % which approach to be used (1 or 2?)
plotflag = 0; % whether the data should be plotted?

filename = sprintf(’conv%d.out’ ,v ers ion );
outf = fopen(filename,’w’ );

for count=1:num_grid
k = 5*count; % k = 5,10,....,95,100
% print out what we are doing.
fprintf(’Version %d for HW#1 with gridsize %dx%d and log10(resid) = %g\n’,...

version,k,k,-errLim it) ;

% initialize two arrays, for the relaxation iteration...
oldM = zeros(k+2,k+2); newM = oldM;

% x and y positions for plotting
X = [0:k+1]./(k+1);
Y = [0:k+1]./(k+1);

% set the middle of oldM to ones, keeping the boundary at zero.
oldM(2:k+1,2:k+1) = ones(k,k);
if version == 2

newM = oldM;
end

% plot the initial image
if plotflag == 1

graph_title = sprintf(’Initial conditions (%dx%d grid)’,k,k);
figure(1); subplot(3,1,1); surf(Y,X,oldM); title(graph_title);

end

% do a few iterations iterations of relaxation (version 1):
it = 0;
errlog = 10.0;
errlog0 = norm(oldM);
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while (-errlog < errLimit)
it = it + 1;
if version == 1

for i=2:k+1
for j=2:k+1

newM(i,j) = 0.25*(oldM(i-1,j)+ ol dM(i+1 ,j) +oldM (i, j-1 )+ old M(i ,j+ 1) );
end

end
oldM(2:k+1,2:k+1) = newM(2:k+1,2:k+1);

elseif version == 2
for i=2:k+1

for j=2:k+1
newM(i,j) = 0.25*(newM(i-1,j)+ newM(i+1 ,j) +newM(i, j-1 )+ newM(i ,j+ 1) );

end
end

end
% copy interior values back to oldM
errlog = log10(norm(newM)/e rr log 0);

end % while loop for convergence ends

fprintf(’k = %d, iter = %d, errlog = %g\n’,k,it,-errlog) ;
fprintf(outf,’%d %d\n’,k,it);

% plot the image after "it" iterations
if plotflag == 1

graph_title = sprintf(’After %d iterations (Version %d)’,it,version);
figure(1); subplot(3,1,2); surf(Y,X,newM); title(graph_title); pause(0);

end

end % the loop for grid size ends
fclose(outf);
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