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Abstract

Direct numericalsimulation(DNS) of turbulent flows is reviewed here. Back-
groundof DNSis presentedandtheimportanceof DNSin turbulenceis highlighted.
Further, we discussrelatednumericalissuessuchastheavailablemethods,bound-
ary conditionsandspatialandtemporaldiscretizations.Finally, impactof DNS on
turbulencemodelingis describedandthefuturepossibilitiesof this tool arecontem-
plated.

1 Introduction

Thecomplex behavior of turbulenceis theconsequenceof afairly simplesetof equations
- theNavier-Stokesequations.However, analyticalsolutionsto eventhesimplestturbu-
lent flows do not exist. A completeturbulentflow, wheretheflow variableslike velocity
andpressureareknown asa functionof spaceandtimecanthereforeonly beobtainedby
numericallysolving theNavier-Stokesequations.Thesenumericalsolutionsaretermed
asDirect NumericalSimulations(DNS) [10]. Themainpurposeof DNS is to solve (to
bestof our ability) for the turbulent velocity field without the useof “turbulent model-
ing”. This conditionmeansthattheNavier-Stokesmomentumequationfor fluid mustbe
solvedexactly, which is not a simpletask. Turbulencemodelinginvolvestheestimation
of theincreasedfluid stressesdueto theswirling motionof a turbulentflow field. Before
theadventof powerful supercomputers,theeffectof high-frequency velocityfluctuations
within a flow field wasestimatedusingmodelingtechniques,resultingin a macro-scale,
or an integral-senseof the flow properties.Nowadays,the Navier-Stokesequationcan
besolveddirectly throughtheuseof fast,largememorycapacitycomputersusinghighly
specializednumericaltechniques,i.e. we cannow examinefully developedturbulence
flow fieldsat a micro-scaleandperformextremelyaccuratecalculationsof flow proper-
ties. For thediscretization,relatively fine grid sizesarenecessary. Thus,any DNS code
is very time consumingandhasextensive storagerequirements.Until now, only DNS
computationsatmoderateReynoldsnumbersarepossible.
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DNSusinghigh-performancecomputersisaneconomicalandmathematicallyappeal-
ing tool for studyof fluid flowswith simpleboundarieswhichbecometurbulent.DNS is
usedto computefully nonlinearsolutionsof theNavier-Stokesequationswhich capture
importantphenomenain theprocessof transition,aswell asturbulenceitself. DNS can
beusedto computeaspecificfluid flow state.It canalsobeusedto computethetransient
evolutionthatoccursbetweenonestateandanother. DNSis mathematical,andtherefore,
canbeusedto createsimplifiedsituationsthatarenotpossiblein anexperimentalfacility,
andcanbeusedto isolatespecificphenomenain thetransitionprocess.As weareaiming
atanearlyexactsolution(andnot“the” exact)to specificturbulentflowsutilizing limited
computationalresources,DNS is stressedasa researchtool andnot asa brute-forceso-
lution. Theobjectiveof DNS is not necessarilyto reproducereal-life flows (saytheflow
overanairplane),but to performcontrolledstudiesthatallow betterinsight,scalinglaws,
andturbulentmodelsto develop. In aerodynamics,DNS is associatedwith a large-scale
computationallyintensivesolutionprocedurewhichmayconsumehundredsto thousands
of Cray Super-computingresources.The earliestuseof DNS beganin the 1970’s and
with the growth in the computationalpower today, it is gettingmoreandmorepopular
dayby day[4]. Currentcomputationstypically usefinite-differenceschemes,or acombi-
nationof spectralandfinite-differenceschemes,althoughfinite elementapproachesusing
unstructuredgridsarealsobeingexplored.

However, the main technicalchallengesof DNS remainsthe memoryandcomputa-
tionalspeedrequirements.A DNSof theflow pastacompleteairfoil wouldrequireacom-
puterwith exaflop(1018 flops)capacityto bepractical,which is still not availablenow.
Theinstantaneousrangeof scalesin turbulentflows increasesrapidly with theReynolds
numberandhencemostpracticalengineeringproblems(e.g.flow arounda car)have too
wide a rangeof scalesto bedirectly computedusingDNS. Thedifficulty in theDNS is
thattheturbulencecontainswidespectrumof vorticeswith anequalphysicalimportance.
With increaseof the Reynoldsnumber, the sizeratio of the largestto the smallestvor-
ticesincreases.This makesit difficult to performthe DNS of turbulencewith a higher
Reynoldsnumber. Thusfor mosthigh Reynoldsnumberapplicationstoday, approxima-
tionslikeLargeEddySimulation(LES)whichcomputesonly thelargeenergy-containing
scales,andReynoldsaveragedNavier-Stokessolutions(RANS) aremoreprevalentthan
DNS. DNS canbethoughtof asthemostdesirablesolutionto a turbulentflow problem
which is muchmorecomputationallyintensive, followedby LES which is lesscomplex
andthenRANSwhich is theleastcomplex (andalsothecoarsestapproximation).

2 Background

The foundationsof DNS werelaid at the NationalCenterfor AtmosphericResearchin
1972by Orszag& Patterson[12], who usedspectralmethodsto performa 323 compu-
tationof isotropicturbulenceat a Reynoldsnumberof 35 (basedon Taylor microscale).
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Thenext majorstepwastakenby Rogallo[15] in 1981,who combineda transformation
of thegoverningequationswith anextensionof theOrszag-Pattersonalgorithmto com-
putehomogeneousturbulencesubjectedto meanstrain. The resultswerecomparedto
theoryandexperimentaldataandusedto evaluateseveral turbulencemodelswhich set
thestandardfor DNS of homogeneousturbulence.Theearliestcomputedflows werein-
homogeneousin only onedirection. Thecomputingresourcesin the late1970’s did not
allow DNSof wall-boundedturbulence;however, coarse-gridcomputationsof free-shear
layerscouldbeperformed.It wasnot until 1987that theDNS of theplanechannelflow
wasperformed[6]. The next major stepwastaken by Spalart[16], who developedan
ingeniousmethodto computethe turbulentflat-plateboundarylayerunderzeroandfa-
vorablepressuregradients.Computingflows thatareinhomogeneousin thestreamwise
directionrequiredthat the turbulencebespecifiedat the inflow plane.A recentadvance
hasbeenthe developmentof methodsto specify this inflow turbulence,as a result of
which reasonablycomplex flows,e.g. theflow overa backstep(Le & Moin [7] in 1994),
andflat plateboundarylayerseparation(Na& Moin [11] in 1996)havebeencomputed.

In contrastto its incompressiblecounterpart,DNSof compressibleturbulentflow has
beenfairly recent. The DNS of homogeneouscompressibleturbulencewasinitiated in
1981by Feiereisenet al. [3], but aseriousstudyof compressiblehomogeneousturbulence
(isotropicandsheared)wasundertakenonly a decadelater. Wall-boundedflows suchas
thecompressiblechannelandturbulentboundarylayerhaveonly recentlybeenattempted.
Recently, DNS hasalsoexaminedhigh-speedturbulentmixing layersandtheinteraction
of shockwaves with turbulence. An exciting new developmenthasbeenthe field of
computationalaeroacoustics,whereboth the fluid motion andthe soundit radiatesare
directlycomputedusingDNS.

In tracingtheevolutionof DNSover thepastdecade,it is observedthatthecomplex-
ity of the computedflows hasnoticeablyincreased,but that their Reynoldsnumberis
still low. Anotherdevelopmenthasbeentheincreasedinvestigationof turbulencephysics
by computingidealizedflows that cannoteasilybe producedin the laboratory. As the
geometryof theflows hasevolved,sohave thenumericalmethods.Thesechangeshave
beenaccompaniedby a significantimprovementin computerhardware.Currentlyavail-
ableparallelmachineslike the64 processorSP-2areabout100timesfasterthanthe64
processorILLIA C-IV usedin theearly1980s.

3 Numerical Issues

While speedincreasesbroughtby fastercomputergoessignificantlyto whatcanbeac-
complishedusing DNS, smarterprogramming,fasteralgorithmsand novel theoretical
toolsreceivecontinuedemphasisto makeprogressin DNS.

For periodicallyassumedflows, fastFourier seriesmethodshave enablednumerous
temporalDNS studies. For the spatialDNS approach,high order (

�
4th) finite differ-
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encemethodsarecommonlyusedin DNS codes.Dueto theadvancesmadeby Lele [8],
high-ordercompactdifferencetechniqueshave beenincludedin more recentDNS ef-
forts. Spectralelementandcollocationmethodshave beenusedfor spatialdiscretization
aroundcomplex geometries[2]. Chebyshev collocationtechniques(which usepolyno-
mials insteadof trigonometrictermsand are hencefor non-periodicflows) have been
usedin boundary-layerandchannelflow problems.Also, numerousDNS studieshave
usedschemeslikeAdam-Bashforth,Runge-Kutta,Crank-Nicolson,andtime-splittingap-
proachesfor timeadvancement.

OftenPoissonor Helmholtzequations(Dirichlet andNeumannboundaryconditions)
mustbesolvedduringthecourseof a DNS.A Gauss-Siedellike iterationprocedureand
directsolvershave beenusedin DNS codesfor these.Fastserialandparallelhigh-order
directsolversfor PoissonandHelmholtzequationshave beentestedfor speedandaccu-
racy.

3.1 Spectral Methods

Themajorproblemwith any numericalsolutionof a differentialequationis accuratecal-
culationsof derivatives. This is why nearlyall early turbulenceDNS’s utilized spectral
methods,which areextremelyaccurateandnon-dissipative tools for calculatingderiva-
tivesof discretedatasets. If craftedcorrectly, suchmethodsenjoy exponentialconver-
genceto ahighly accuratesolution.A spectralmethodactuallyapproximatesareal-space
functionwith aseriessumof orthogonalfunctions.Mathematically, this lookslike:

f � x j ���
N � 1

∑
n � 0

f̂nφn � j j �	� 0 
 1 
����
��
 N � 1 � (1)

The mostcommonchoicefor the orthogonalfunctionsis the Fourier series. This may
seemto complicatingthings,but actuallythis helpsto calculatethespatialderivative of
f sinceFourierseriesfunctions(complex exponentials)areeasyto differentiate.Again,
mathematicallythis resultsin:

f j �
N � 1

∑
n � 0

f̂neiωn j & f j � 1
N

N � 1

∑
n � 0

f̂ne � iωn j (2)

whicharetheinverseFouriertransformationandtheFouriertransformation,respectively.
Now, wecandifferentiatef :

∂ f
∂x j

�
N � 1

∑
n � 0

iωn f̂n� ��� �
ĝn

eiωn j (3)

Therefore,in orderto calculatethederivativeof f , (1) calculatetheFouriertransform,(2)
computenew Fouriercoefficients,and(3) calculatethe inverseFourier transformof the
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new series(with calculatedcoefficientsfrom (2)). This methodis quitetime consuming,
but with thehelpof theFastFourierTransforms(FFT), themethodbecomesO � N logN �
insteadof O � N2 � . However, severalimportantstipulationsmustbeobservedwhenusing
thismethodto solvetheNavier-Stokesequation:

1. Theorthogonalfunctionsshouldbewell behavedandcontinuousto reduceGibb’s
phenomenaasmuchaspossible(i.e. to recover pointwiseexponentialaccuracy at
all pointsincludingthediscontinuities).

2. Grid spacingmustbe on the orderof the Kolmogorov scaleof the flow (smallest
scalewithin theflow).

3. Aliasing errors(falsetranslationof new modesinto thedomain)dueto convective
termsshouldberemoved. They cancauseeithernumericalinstabilityor excessive
turbulencedecay.

Oneof thebig disadvantagesof thismethodis thatit is notyetclearhow theseprocedures
canbeextendedto curvilineargridswhich is socommonin aerodynamics.

3.2 Finite Difference vs. Spectral Methods

In a comparative study, Rai & Moin [14] examinedthe influenceof a finite difference
vs. a spectralapproachon the statisticalresultsby comparingthe turbulencestatistics
of their earliercomputationsusingspectralmethods(Kim et al. [6]) with thoseobtained
usingvariousfinite differencetechniques.They concludedthat theprevalentmethodfor
DNS of turbulent flows is the spectralmethod,but that for complex geometries,finite
differencetechniques,especiallyhigh-orderaccurateupwind-biasedmethods,aregood
candidates.Thestatisticalresultsobtainedfromthefinitedifferencecomputationsshowed
areasonablebut notexcellentagreementwith theresultsobtainedearlierwith thespectral
method. However this is not sufficient to justify a conclusionon the performanceof
finite differenceschemes,asthetotal numberof grid pointsusedfor thefinite difference
computationswasjust35%of thoseusedfor thespectralmethod.

3.3 Spatial Resolution

The rangeof scalesthat needto be accuratelyrepresentedin a computationis dictated
by the physics.The grid determinesthe scalesthat arerepresented,while the accuracy
with whichthesescalesarerepresentedis determinedby thenumericalmethod.TheKol-
mogorov lengthscale,η � � ν3 � ε � 1� 4, is commonlyquotedasthesmallestscalethatneeds
to beresolved.However, thisrequirementseemsto betoostringent,andit is observedthat
thesmallestresolvedlengthscaleis requiredto beof O � η � andnot equalto η. Spectral
DNSshowsverygoodagreementwith experimentseventhoughtheKolmogorov scaleis
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not resolved. Thesmallestlengthscalethatmustbeaccuratelyresolveddependson the
energy spectrum,andis typically greaterthantheKolmogorov lengthscale;e.g.Moser&
Moin [6] notedthatmostof thedissipationin thecurvedchanneloccursat scalesgreater
than15η (basedonaveragedissipation).

Theresolutionrequirementsarealsofairly influencedby thenumericalmethodused.
Differencingschemeswith largernumericalerrorwouldrequirehigherresolutiontoachieve
thesamedegreeof accuracy comparedto thespectralmethodsandtheothermoreaccu-
ratefinite differencingcounterparts.Otherfactorswhich influencethespatialresolution
are the differentiationerror and the errorsassociatedwith the nonlinearityof the gov-
erningequations(triadic interactionbetweenthe scales,andaliasing),which shouldbe
sufficiently small.

And then of course,the Reynolds numberplays the most importantrole. An ac-
knowledgedlimitation of DNS is its restriction(by costconsiderations)to low Reynolds
number. For channelflow, theapproximatenumberof gridpointsneededcanbeestimated
from theexpressionby Wilcox [17]

NDNS � � 0 � 088Reh � 9� 4
whereReh is the Reynolds numberbasedon the meanchannelvelocity and channel
height. According to the above expression,to computea flow with Reynolds number
of 106 which we encounterin real-life,we would requireapproximately133billion grid
pointswhich is astronomical.To reducethis costsomewhat, Reynoldsnumberscaling
is usedwhenever possibledependingon the observed dependenceof the flow on the
Reynoldsnumberwithout changingthe essentialphysics. Thusthe choiceof optimum
Reynoldsnumberfor DNS is dependenton theapplication,asDNSneednot obtainreal-
life Reynoldsnumbersto beusefulin thestudyof real-lifeapplications.

3.4 Temporal resolution

A wide rangeof time scalesputs turbulent flows into the category of stiff systemsfor
timeadvancement.Suchstiff systemsareoftenhandledusingimplicit timeadvancement
algorithmsin CFD which allow useof large timesteps.Unfortunately, the requirement
of time accuracy over a wide rangeof scalesdoesnot permit very large timestepsin
DNS.Useof largetimestepsimpliesthatthesmallscalescanhavelargeerrors,whichcan
corruptthesolution. A commonpracticein incompressibleDNS of wall-boundedflows
is to useimplicit time advancementfor theviscoustermsandexplicit time advancement
for theconvective terms.For DNSof turbulentchannelflow usingimplicit timestepping,
studiesby Choi & Moin [1] showed that very large timestepscausethe turbulenceto
decayto a laminarstate.
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3.5 Boundary Conditions

Boundaryconditionshave always beena critical issuein the useof DNS. Specifying
boundaryconditionsat openboundariesis a difficult issue. For incompressibleflows,
statisticallyhomogeneousdirectionssuchas the spanwisedirection in a 2-D boundary
layer arestraightforward to treatandperiodicconditionsare imposed. However, most
fully developedcomplex flows are inhomogeneousin the streamwisedirection,which
requirebothinflow andoutflow boundaryconditionsto bespecified.

Compressibilityintroducesadditionalboundaryconditionissues.Characteristicanal-
ysismustbeusedin compressibleDNSto determinethenumberof boundaryconditions
required.

In thefar-field, disturbancesaregenerallyassumedto vanish,soeitherhomogeneous
Dirichlet or exponentiallydecayingboundaryconditionshave beenused. But theseas-
sumptionscan leadto considerableerrorswhenthe nonlineareffectsare large andthe
mean-flow distortionquantityis important.

4 DNS and Experiments

DNSresultshaveconsistentlyshown excellentcomparisonswith experimentaldata.One
of the comparisonsof the resultsobtainedby DNS of turbulent flow over a backward-
facingstep(Le et al. [7]) with theexperimentaldataobtainedby by Jovic & Driver [5] is
shown in figure1. In 1987,Moin & Spalart[9] usedDNSdatafrom aturbulentboundary
layerto estimatetheaccuracy of cross-wireprobesandto quantifythemagnitudesof the
differentsourcesof error. DNS hasrecentlybeenusedto provide probedesigncriteria
andvalidateexperimentalmeasurementsof vorticity in turbulent flows. Kim et al. [6]
performedDNS of the turbulent channelflow (Rec � 3300)usingabout4 million grid
pointsto resolve theflow. Extensive comparisonof theresultsto experimentaldatawas
performedandin general,goodagreementwasfound.

5 Conclusion

Thecontributionsof DNSto turbulenceresearchin thelastdecadehave beenimpressive
andthe future seemsbright. The greatestadvantageof DNS is the stringentcontrol it
providesover theflow beingstudied.It is expectedthatasflow geometriesbecomemore
complex, the numericalmethodsusedin DNS will evolve. However, the significantly
highernumericalfidelity requiredby DNSwill haveto bekeptin mind. It is expectedthat
useof non-conventionalmethodologies(e.g. multigrid) will leadto DNS solutionsat an
affordablecost,andthatdevelopmentof nonlinearmethodsof analysisarelikely to prove
veryproductive.
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Figure1: Comparisonof meanstreamwisevelocity profilesgeneratedby DNS of turbu-
lent flow over a backward-facingstep(Le et al. [7]) with experimentaldataobtainedby
Jovic & Driver [5]

TheReynoldsnumberof thesimplerturbulentflows arecurrentlyapproachingthose
of thesmaller-scaleexperiments.DNSof forcedisotropicturbulencehasbeenconducted
on 5123 grids by several workers with the help of parallel computers. The Reynolds
numberin thesecomputationsactuallyexceedsthatin mostlaboratoryexperiments.DNS
is mostimportantin problemswheresimplificationto thegoverningunsteady, nonlinear
equationshavenotasyetbeenadequatelyvalidated.

Databasesgeneratedby DNS [13] provide resultson turbulent flow statisticswhich
are in good agreementwith experimentsthus greatly increasingthe confidencein the
technology.

Thesedatabasesalsooffer theopportunityto extract informationfrom theflow field
whichcannot,or only with muchdifficulty, beobtainedfrom experiments.Theavailabil-
ity of DNS datahasresultedin novel approachesto modelevaluationandallows testing
of the conceptsbehinda model. DNS datais extensively usedto evaluateLES results
which arean orderof magnitudefasterto obtain. The availability of this detailedflow
informationhascertainlyimprovedour understandingof physicalprocessesin turbulent
flows which thusemphasizestheimportanceof DNS in presentscientificresearch.Due
to theverygoodcorrelationbetweentheDNSresultsandtheexperimentaldata,DNShas
becomesynonymouswith theterm“NumericalExperiment”.
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