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Abstract

Triangulations oneof themostimportantandwidely usedmethodsf unstructureaneshgen-
erationtoday This reportdescribesGradedTriangulation, which is essentiallyan extensionof
the advancingfront method(AFM) to obtaina smoothgradationin the mesh. The reportbegins
with anintroductionto meshgeneratiorandthe generalconceptdnvolved. It alsodescribeghe
variousmeshgeneratiortechniques.Sincethis triangulationrequiresboth AFM andinitial De-
launaytriangulation both arealsodiscussedn brief. Theimplementatiorof gradedtriangulation
is explainedandits extensionto surfacetriangulationdiscussed Finally, a comparisorbetween

gradedriangulation(in 2D) andAFM is broughtaboutwith the help of severalexamples.



Acknowledgment
8t April, 1997

| amthankfulto Prof. G.R. Shevare, who amidsthis busy schedulesparedime to guideme
throughthe project.Without his support motivationandusefulsuggestionghis projectwould not
have takenits presenshape.l alsothankhim for the greatcomputingfacilities extendedandthe
freedomallowed to me throughout.l alsoowe my gratitudeto Ravi for his continuoushelpand
supportduring the first stageof the project,andto Avinashfor giving me comparty andkeeping

me motivatedthroughout.

Anirudh Modi



Contents

1 Intr oduction

2 MeshGeneration
2.1 Generakoncepts. . . . . . ... e e
2.1.1 Definition. . . . . . ..
2.1.2 Conformity . . . . . . . . . e
2.1.3 Qualityofthemesh. . . . . ... ... ... .. .. ... .. ...
2.1.4 Connectity ofthemesh. . . . . .. ... ... .. o oL

2.2 Meshgeneratiormethods. . . . . . . . ... ... L

3 Advancing Front Triangulation
3.1 Introduction. . . . . . . .
3.2 Algorithm . . . . . . . e
3.3 Newpointinsertion. . . . . . . . . . . e

3.4 Determinatiorof thetrialpoint. . . . . . ... ... ... ... ..........

4 DelaunayTriangulation
4.1 Introduction. . . . . . . ..
4.2 Voronoitessellation. . . . . . . . ...
4.3 Algorithms . . . . . . ..

4.4 Initial Delaunaytriangulation. . . . . . . ... ... .. L



5 Graded Triangulation
5.1 Introduction. . ... ... ..
5.2 Algorithm . .. ... ... ..
5.3 Implementation. . . ... ..

5.4 Efficienoyy . ... ... L.

6 SurfaceTriangulation
6.1 Input: LinearCoonssurface .

6.2 Algorithm andimplementation
7 Resultsand Conclusions
8 Scopeof the Project

References

19
19
19
20
21

23
24
26

27

39

41



List of Figures

2.1
2.2

3.1
3.2
3.3
3.4
3.5

4.1
4.2
4.3
4.4
4.5
4.6
4.7

5.1

6.1
6.2

7.1
7.2

Conformalandnon-conformameshes. . . . . . ... ... ... ... ...... 4
Structuredandunstructureaneshes . . . . . . . . ... oL 5
New pointinsertion: o <Ty/2 . . . . . . . .. ... . . 9
New pointinsertion: T/2<oa <21/3 . . . . . . . . .. 9
New pointinsertion: o > 21/3. . . . . . . . . .. 9
Directgradedriangulation. . . . . . . . . . .. ... ... .. . 10
Advancingfront triangulation- anexample . . . . . .. ... ... ... ..... 11
VoronoitessellatiormandDelaunaytriangulation . . . . . ... ... ... ... .. 13
Watsonsalgorithm: Initial triangulation. . . . . . . .. ... ... ... ..... 15
Watsonsalgorithm: Pointinsertion . . . . . . .. ... ... ... ........ 15
Watsonsalgorithm: Elementdeletion. . . . . . ... ... ... ... ...... 15
Watsonsalgorithm: Finalmesh . . . . . .. ... ... ... ... ........ 15
Initial Delaunaytriangulation- anexample . . . . . . ... ... ... ... ... 18
Final Delaunaytriangulationusingareacriterion- anexample . . . . . . ... .. 18
Gradedriangulation-anexample . . . . . . . . .. ... L oo 22
LinearCoonssurface(20x 20) . . . . . . . . . . o e 25
LinearCoonssurface(30x30) . . . . . . . . o o 25
Gradedriangulation- Testdatal . . . ... .. ... ... ... .. ....... 28
Advancingfront triangulation- Testdatal . . . . . ... ... ... ... ..... 28



7.3 Gradedriangulation- Testdata2 . . . ... ... ... ... .. ......... 29

7.4 Advancingfronttriangulation- Testdata2 . . . . . . ... ... .. ... ..... 29
7.5 Gradedriangulation- Testdata3 . . . ... .. ... ... ... ......... 30
7.6 Advancingfronttriangulation- Testdata3 . . . . . ... ... ... ........ 30
7.7 Gradedriangulation- Testdata4 . . . ... ... .. ... ... ... ... 31
7.8 Advancingfronttriangulation- Testdata4 . . . . . . ... ... .. ... ..... 31
7.9 Gradedriangulation Testdata5 . . ... ... ... ... ... ......... 32
7.10 Advancingfronttriangulation- Testdata5 . . . . . . ... .. ... ... ..... 32
7.11 Gradedriangulation- Testdata6 . . . . .. ... ... ... ... ........ 33
7.12 Advancingfronttriangulation- Testdata6 . . . . . . . ... ... ... ...... 33
7.13 Gradedriangulation- Testdata7 . . . ... .. ... ... ... ......... 34
7.14 Advancingfronttriangulation- Testdata7 . . . . . . . .. .. ... ... ..... 34
7.15 Gradedriangulation- Testdata8 . . . . ... ... ... ... .. ........ 35
7.16 Advancingfronttriangulation- Testdata8 . . . . . . ... ... ... ....... 35
7.17 Gradedriangulation- Testdata9 . . . ... ... ... .. ... ... ...... 36
7.18 Advancingfronttriangulation- Testdata9 . . . . . . ... ... .. ... ..... 36
7.19 Gradedriangulation- TestdatalO . . . . . . ... ... ... ... ........ 37
7.20 Advancingfronttriangulation- TestdatalO . . . . . . ... ... ... ...... 37
7.21 Gradedriangulation- Testdatall . . . . . . . ... ... ... .. ........ 38
7.22 Advancingfronttriangulation- Testdatall . . . ... ... ... ... ...... 38



Chapter 1

Intr oduction

Marny problemsin CFD, ComputationaPhysicsetc., involve the numericalsolutionof a setof
equationsn a complicatedshapedomain. The solutionof suchproblemsrequiresthe domainto
bediscretizedo producea setof pointson whichthenumericalalgorithmcanbebasedFor some
problems,the generationof a suitablegrid/meshcanbe asdemandingasthe effort requiredto
performthe computationgor which the grid wasintended.In recenttimes,considerablattention
hasbeenfocusedonthediscretizatiorprocesswhich is commonlycalledmeshgeneration.
Numericalmeshgeneratiorhasnow becomea fairly commontool for usein the numerical
solutionof PDEson arbitrarily shapedegions. This is especiallytrue in CFD, from which came
much of the driving force for the developmentof this technique put the proceduresre equally
applicableto all physicalproblemsthatinvolve field solutions. The basictechniquesnvolvedin

numericalmeshgeneratiorare-

1. ameansof distributing pointsover thefield in anorderlyfashion,sothatneighboranaybe

easilyidentifiedanddatacanbe storedandhandledefficiently.

2. ameansof communicatiorbetweenpoints, so thata smoothdistribution is maintainedas

pointsshift their positions.

3. ameansof representingontinuousfunctionsby discretevalueson a collectionof points

with sufficientaccurag, anda meandor evaluationof theerrorin thisrepresentation.



4. ameansfor communicatinghe needfor a redistritution of pointsin the light of the error

evaluation,anda meansf controllingthis redistrikution.

Thistechnigudreesthecomputationasimulationfrom restrictionto certainboundaryshapesand
allows generakodedso bewrittenin whichtheboundaryshapess specifiedsimply by input.

Thus,meshgeneratioror grid generations the procesof decompositiorof the domain.With
the adwent of Finite ElementMethods(FEM) and Finite Volume Methods(FVM) which canbe
appliedto grid cells of any arbitrary shapeand connectvity, unstructuredneshesare now be-
ing widely used. Triangulationis the mostwidely usedform of unstructuredneshgeneration
asary givenarbitrarycomple« geometrycanbe moreflexibly filled by triangularelementghan
by quadrilateralelements. Triangulationplays an importantrole in FEMs, numericalanalysis,
computeraidedgeometriadesign(CAGD), approximatiortheory andelsavhere. The applicabil-
ity andaccurag of thefinite elementanalysiss dependentiptoa large extenton the validity and
guality of themeshegeneratedThusit is importantto have anacceptablandefficient procesof
meshgeneratiorfor all typesof domains.

In somecasesthe type and quality of triangulationis much more importantthanthe time
takento generatehe triangulation. For example,in caseof boundarylayer calculationsJike in
a flow pastan airfoil, more points are requiredaroundthe boundarythanaway from it. Here,
conventionaltriangulationmethoddik e Delaunayand AdvancingFront often fail posinga need
for anothemethodwhich cangive gradualvariationor gradationin the triangulationgenerated.
This is whereGradedTriangulationcomesinto focus,which usesan appropriatecombinationof
DelaunayandAdvancingFrontmethoddo generateherequiredmeshfor this purpose.

Theaim of this projectis to developafully automaticunstructuredriangularmeshgeneratar
Work donein this projectalsoforms an integral part of 1ITZeus, a surfacemodelingand mesh
generatiorpackagéeingdevelopedby the Departmendf Aerospacd=ngineeringat!IT, Bombay
The packagecangenerateurveslike B-splinecurves (BSC) andpieceavise linear curves (PLC),
andsurfaceslike B-spline surfaces(BSS), piecavise bi-linear surfaces(PBLS), surfacesof rev-
olution (RS) and Coons patches.Theseform the basisfor generatinghe variousinputsfor the

triangulationroutines.



Chapter 2

Mesh Generation

2.1 Generalconcepts

2.1.1 Definition

A meshof a domainQ, is definedby a setty of finite numberof sggmentsin 1D; segments,
trianglesandquadrilateralsn 2D; andsegments triangles,quadrilateralstetrahedrapentahedra
andhexahedran 3D. [Ge091]

2.1.2 Conformity

Thesetrty, is aconformalmeshof domainQ (Figure2.1),iff

1. ThedomainQ is completelyandexactly coveredby themeshrt;,. WhenthedomainQ is not
polygonal(in 2D) or polyhedral(in 3D) (i.e., if it is definedby a smoothcurve or asurface),

themeshrty, will only beanapproximatepartitioningof thedomain.
2. All elementof mesht, musthave anon-emptyinterior.

3. Theintersectiorof ary 2 elementsn the meshry, is eitheranemptyset,a point, anedgeor

aface(of bothelements).



Figure2.1: Conformalandnon-conformameshes

2.1.3 Quality of the mesh

Therearenumerougriteriafor decidingthe quality of amesh[Geo091]. A few of thesecriteriaas

applicableto planar/surhicemeshesre-
1. Thevariationin the areaof theelementshouldnotbetoo large.

2. Theaspectatio of triangularelementshouldbeascloseto 1 aspossible.
The aspectratio of a triangularelementis definedasthe ratio of the circumradiusof the

triangleto twice its inradius.Hencethe aspectatio of anequilateratriangleis exactly 1.
3. Theratio of thelargestto the smallesiedge/angl®f the elementshouldbecloseto 1.

4. Theratio of the areaof the largest/smallestlemento all theimmediateneighbourshould

not bedrasticallylow/high.

2.1.4 Connectvity of the mesh

The connectvity of a meshis the definition of the connectionof its vertices. A meshis called

structuredif the connectwity is samethroughoutthe meshand eachelementhasa fixed num-



Figure2.2: Structuredandunstructureaneshes

berof neighbours.An unstructuredneshdoesnot have a fixed connectvity amongits elements
(Figure2.2).

2.2 Meshgenerationmethods

Thevariousmethodsavailablefor meshgeneratiorcanbe enumerateds[Sha96]-

1. Manual geneation - In this approachthe userdefineseachelementby the vertices. This
approachs feasibleonly whena limited numberof elementsarerequiredandthe domainis

verysimple.

2. Transportmappingmethod- Also known as Transfinitelnterpolation method.,it involves
blendingof ameshgeneratedh a parametriadlomaininto therealdomain,asthe parametric

boundaryblendsinto therealboundary

3. Explicit solutionof Partial Differential Equations- In this approacthe meshis first gener
atedin a parametriacdomainin a simplegeometry(quadrilateraltetrahedroretc.). Thena
mappingfunctionis definedto ensurepropertiessuchasboundaryconformity, orthogonal-
ity of elementsyariabledensityof elementsandthelike. Suchmethodsesultin structured

meshes.



4. AdvancingFront Methods(AFM) - Thesemethodsarewidely usedto createplanar surface
andvolume grids which can have triangular quadrilateralor higherorderelements. The
boundaryis representedscontinuousor discretisecturve(s) (for 2D meshgenerationand
triangulatedor continuoussurface(s)(for 3D meshgeneration).A front, initialised by the
boundaryis establishedThefront is updatedcasnew internalpointsarecreatedill thefront

become&mpty alsosymbolisingthe creationof the meshin the entiredomain.

5. Delaunay-¥dronoi Triangulation- Thisalgorithmis widely usedfor tetrahedralisationf 3D
domaing(alsoknown as3D triangulation).This resultsin a meshwhichis optimalfor a set
of given pointsin the domain. However, the quality of the meshdependsuponthe points
specifiedanda badchoiceof pointsmay resultin poortriangulation.This methodis much

fasterthanthe AFM.

6. Sweeplinemethod- This algorithm constructsthe Voronoi tessellationby searchingfor
Voronoiregion boundariesn an orderly fashion. The nodesare sortedin a specificcoor
dinatedirection. A sweeplineis definedasthe descriptionof the intersectionof a moving
line perpendiculato the specifieddirectionwith the Voronoi boundaries.The sweepline
startsfrom the leastvalue of sortedcoordinatesand movesto the otherextreme. As each
nodeis encounteredby the sweeplinenew bisectorsof the linesjoining two nodesarein-
troducedin it. The aim is to detectthe point of intersectionof threebisectorsto get the
circumcenterof the triangle formedby threenodes. This is a relatively new andinvolved

algorithmbut atime complity betterthanDelaunays algorithmis claimed.



Chapter 3

Advancing Front Triangulation

3.1 Intr oduction

This methodis particularlysuitedfor the boundaryrepresentatioonf domains.If the boundaryis
continuousit is discretisedo give a piecaviselinearcurve (PLC) basedoughlyuponthenumber
of trianglesrequiredin thedomain.Theinitial frontis asetof line segmentsdefiningtheboundary
completely Usually, theinternalandthe externalcurvesarespecifiedn oppositesensen orderto
getacornvergentalgorithm.Thisis usefulif new pointsareplacedonly ononesideof theboundary
asthecurvesaretraversedn the specifiedsense A methodof selectionof trial pointwhich leads

to directgradedriangulationis discussedhere.

3.2 Algorithm

Thegeneraklgorithm[Geo091]is
1. Definethe boundaryof thedomainto bediscretised.
2. Initialise thefront asa pieceviselinearcurve in conformitywith theboundary

3. Theedgeto bedeletedromthefrontis choserbasediponsomecriterion(generallysmallest

edgeis choserasit givesgoodquality meshes).



4. Fortheedgeto bedeleted

(a) Selecthetrial pointposition(trial pointis thepointlying insidethedomainandmaking

anequilateratrianglewith theedgeto bedeleted).

(b) Searchfor ary alreadyexisting point within a certainproximity of the trial point. If

ary suchpointexistsit becomesghetrial point. Continuethesearch.

(c) Determinewhetherthe elementformedwith the new ideal point crossesary edges.If

yes,selectanew trial pointfrom thefront andtry again(goto 4b).
5. Add thenew point,edgesandtrianglesto therespeciie lists.
6. Deletethebaseedgefrom thefront andaddthenew edges.

7. If thefrontis non-emptygoto 3.

3.3 Newpoint insertion

Dependingon a, the anglebetweentwo consecutrie edgesof the front, threepossibilitiesarise

regardingthe new pointinsertionandedgedeletion[Geo91].

e 0 < T1/2. Thetwo segmentsareretainedandbecomehe edgef thenew trianglescreated.

(Figure3.1)

e /2 < a < 211/3. An internalpoint andtwo trianglesaregeneratedrom the two segments.

(Figure3.2)

e 211/3 < a/2. Onesggmentis retainedwhile atrianglewith this edgeandaninternalpointis

created(Figure3.3)

A moredetailedinformationandimplementatiordetailscanbefoundin [Sha96]or [Ge091].



Figure3.1: New pointinsertion: o < 11/2

Figure3.2: New pointinsertion: /2 < a < 21/3

S

Figure3.3: New pointinsertion: a > 211/3



Figure3.4: Directgradedriangulation

3.4 Determination of the trial point

The edgeof theinitial front closestto the mid-point P of the baseedgeis found. A normalis
dravn throughthe mid-pointof thatedgeandthe closestedgeof theinitial front thatit intersects
is determinedFigure 3.4). If the distanceof point P from mid-pointof boththe edgess D1 and
D5 respectrely andif L, andL, aretherespectre edgelengthsthentherequiredengthof thenew

edgess calculatecas
_ DiLo+Doly

L=
D1+D2
Triangulationusingthis methodfor selectionof trial pointis termedasdirectgradedriangulation
whichisimplementederein [ITZeus(Figure3.5). Thisalgorithmrequiresmary calculationsand

henceslows down thetriangulationslightly. [Sha96]

10
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Chapter 4

Delaunay Triangulation

4.1 Intr oduction

Delaunaytriangulationis the mostwidely usedtriangulationmethodin unstructuredneshgener
ation. It is oneof the fastestriangulationmethodswith relatively easieimplementationgiving

excellentresultsfor mostapplications.

4.2 \oronoitessellation

Beforeattemptingo learnaboutDelaunaytriangulationit is helpfulto learnaboutVoronoitessel-
lationalsoknown asTheisseror Dirichlet[Bow81] tessellationVoronoitessellations ageometric
dual of Delaunaytriangulationandone canbe derivedfrom the other Givena setof N pointsin
a plane,Voronoitessellatiordividesthe domainin a setof polygonalregions,the boundarieof
whicharetheperpendiculabisectorsof thelinesjoining thepoints(Figure4.1). Furthermoreeach
tile containsonly oneof the N points. If boththeseconditionsaresatisfiedthenthelinesjoining
thepointsform ameshknown asthe Delaunaytriangulation.Accordingto the Delaunaycriterion,
the circumcircleof every triangleis soformedthatit doesnot containarny point of the mesh.Ex-
ceptin degeneratecasesthe verticesof Voronoitessellatioroccurwherethreetiles meet. Each

Voronoivertex is circumcentenf a Delaunaytriangle.In degenerateasesnorethanonetriangle

12



Figure4.1: VoronoitessellatiorandDelaunaytriangulation

may bevalidly possible.

SinceDelaunaytriangulations thegeometricdual of Voronoitessellationmarny methodshave
beenformulatedto arrive atthe formerusingthelatter, thoughmary methoddor directtriangula-
tion have alsobeenformulated[HS88,LS80]. In Delaunaytriangulationthe boundarytriangula-
tion is not difficult but placingtheinterior pointsatinappropriatgplacesmayresultin badmeshes

eventhoughthe Delaunaycriterionis satisfied.

4.3 Algorithms

A few algorithmsfor Delaunaytriangulationareenumerateds[Sha96]-

1. Watsons algorithm - Watsons algorithm[Nan95] startsby forming a supertrianglewhich
is a triangle encompassingll the given points of the domain. Initially the supertriangle
is flaggedasincomplete(Figures4.2, 4.3, 4.4 and4.5). Thenthe algorithm proceedsy
incrementallyinsertingnew pointsin the existing triangulation. A searchis madefor all

thetriangleswhosecircumcirclescontainthe new pointandthey aredeletedo give whatis

13



known asaninsertionpolygon. This givesthe new triangulation.This processs continued
till all pointsto be insertedare exhaustedandthenall triangleshaving the verticesof the

supeftrianglearedeleted.

This is oneof the simplestandthe mostextensvely usedalgorithmfor Delaunaytriangula-

tion.

. Lawsons algorithmor the diagonal swappingalgorithm- If a pointis addedto anexisting
triangularmeshthencircumcirclesare formedfor all new trianglesformed. If any of the
neighbourdie insidethe circumcircleof ary triangle,thena quadrilaterais formedusing
thetriangleandits neighbour The diagonalsof this quadrilaterabreswappedo give a new
triangulation. This procesdgs continuedtill thereareno morefaulty trianglesandno more

swapsarerequired.

. Fang and Piggl algorithm - This algorithm for triangulationplacesthe given pointsin a
uniform meshand createdrianglesin a circular manner The authorsclaim a linear time
complity for the algorithm. The algorithmalsoproduceghe convex hull of the givenset
of pointsat no extra cost. The algorithmis so designeahat pointsonly on one sidethe
currentpoint underconsideratiorhave to be checled for the Delaunaycriterion. However,

this algorithmrunsinto troubleswhentoo mary pointslie onastraightline.

. ConstainedDelaunayTriangulation (CDT) - If a setof pointsin a planeanda setof non-

crossingedgesarespecifiedhenthe CDT createsa meshsuchthat-

(a) All thespecifiededgesareincludedin thetriangulation.

(b) It is ascloseto Delaunaytriangulationaspossible.

This algorithmhasbeentestedto work in atime compleity of O(NlogN) for N specified
pointsin thedomain.If asetof pointsandnon-crossingdgesarespecifiedhenthe CDT of

thegivensethasthe propertythatfor all nev edgeghereexistsa circle suchthat,

¢ theendpointof theedgelie onthecircle,and

14



7

Figure4.2: Watsons algorithm: Initial triangulation

e

Figure4.3: Watsons algorithm: Pointinsertion

-

Figure4.4: Watsons algorithm: Elementdeletion

X

Figure4.5: Watsons algorithm: Final mesh



o if arny new nodeis in thecircle, thenit is invisible from atleastoneof thenodesof the
edge,i.e., if linesaredravn from the point to the two nodesof the edgethenat least

oneof themwill intersecwith oneof theedgef themesh.

Thus,if no edgesarespecifiedthe CDT is the sameas Delaunaytriangulation. CDT is a
divide-and-conqueallgorithmsincethe givendatais sortedaccordingo ary onedimension
andthe domainis dividedinto strips. The CDT for eachstrip is thencalculatedandpasted
to form new stripswhoseCDT is thencalculated.This processs repeatedill the CDT for

theentiredomainis obtained.

. Sweeplinalgorithm- In aVoronoitessellationa sweeplinas definedastheintersectiorof
amoving horizontalline with the VoronoiboundariesCircumcirclesarelocatedby finding
the point of intersectionof threebisectorsof the lines joining the nodes. But the Voronoi
polygonsobtainedthis way are not very robustandtherehave beenonly a few attemptgo
tacklethisproblem.A one-to-ongeometridransformationmapsabisectorontoahyperbola

or averticalhalf-line. Any bisectorbetweerary two nodessayp andq, is mappeds
X =

X,
Vo= v =2+ (yp—y)?

Thetransformatiormapsx assuchandy asthe original valueandthe distancebetweerthe

pointandthenodep. ThemappedvoronoiregionsRy* andRy* areboundedy themapped
bisector sayCpq, Whichis eithera hyperbolaor a straighthalf-line. A bisectoris generated
only if thesweeplinehasreachedothforming nodes An expectedvertex is theintersection

pointof two neighbouringoisectors.

Initial Delaunaytriangulation

When Delaunaytriangulationis carriedout on only the boundarypoints specifiedwithout any

extra point beinginsertedin the domain,the triangulationgenerateds known asinitial Delaunay

or backgroundriangulation(Figure4.6). This triangulationis utilisedin the gradedtriangulation

16



describedater A final Delaunaytriangulationof thesamedomainusingtheareacriterion[Nan9g

is alsoshavn (Figure4.7).

17
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Chapter 5

Graded Triangulation

5.1 Intr oduction

Althoughvery populay the AFM hasmary shortcomingsOneof themis thatsincenoinformation
aboutthebackgroundneshis known (i.e., therestof thefront), thereis a high chanceof theclash-
ing of fronts (Figures7.4,7.14)or occurrenceof sliver triangles(Figure7.22). Also, in physical
problemdik e high speedlows overbodies(lik e flow overairfoil - Figure7.1),themeshis usually
requiredto be adaptedor gradedin a particulardirection. More numberof triangles(i.e., dense
triangulation)is requiredaroundthe boundaryandfewer numberof trianglesare requiredaway
from theboundary Delaunaytriangulation althoughvery fast,cangive uniformtriangulation put
cannofgivethiskind of gradatiorrequired.Hence anew approachs requiredto achieve this. This

approactuseshoth Delaunaytriangulationand AFM in successioo achiere thedesiredresults.

5.2 Algorithm

A popularmethodof gradedtriangulationis by useof a backgroundneshfor the entiredomain.
The backgroundmeshis a triangulatedmeshgeneratedisingonly the boundarypoints. Sucha
meshcanbe generatedby the useof initial Delaunaytriangulation.Now the gradedtriangulation

differsfrom the AFM only in thatthefunctionfor calculatingthetrial pointis modifiedto accom-
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modatethe grading. This function now usesthe informationof the backgroundmeshsuchthat
thelengthof thetriangle’s edgesncreasdrom the minimumvalueto the maximum.At ary point
in thedomainthe edgelengthof the sidesof the triangleunderconstructiorarecalculatedo en-
suregradualvariationby finding the backgroundrianglethatencloseghe point. The barycentric
coordinate®f the point with respecto the threenodesof the triangleare calculated. The mesh
densityat ary nodeis definedasthe meanof thelengthsof the edgesneetingat thatpoint. If the
meshdensityat the nodesof thetrianglecontainingthe pointarel, L, andL3 andtherespectre
barycentriccoordinateof the pointarea, 3 andy (notethata + 3 +y = 1), thenthe required

lengthsof the new edgesaregivenby
L=oaL;+BLa+ VL3

The disadwantageof this methodis that the Delaunaytriangulationfor initial triangulation
shouldbedonebeforestartingtheactualtriangulation but it resultsin afar bettermeshthandirect

gradedriangulationwhich doesnotuseary backgroundnesh.

5.3 Implementation

Theabovealgorithmrequiregheimplementatiorof boththe Delaunaytriangulationandthe AFM.
Thesehave beendoneasdescribedn the previouschaptersThealgorithmcannow be described

as-

e The domain/boundarys read(only onelevel of holesareallowed for needof continuum)

andcorvertedto aPLCIif notalreadyso.

¢ Initial Delaunaytriangulations doneusingtheseéboundarypointsandthetrianglesarestored

in aTRI structurgfNan95].

e Thenodedensityof eachboundarypointis now computedusingthe above informationand

stored.Thisis simply the meanof all theedgesn thetriangulationmeetingat thatpoint.
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e Now, theAFM proceedandthefunctionfor determininghenew insertionpointis modified

asfollows -

1. A firstapproximatiorto theinsertionpoint(calledtrial point)is madein the sameway

asdescribedearlierfor the corventionalAFM.

2. Usingthis point, the backgroundrianglecontainingthe pointis found usinga simple

searchalgorithm.

3. Uponfinding this backgroundriangle,the barycentriccoordinatega, (3 andy) of the
trial pointw.r.t. thetriangleis computed.Thesearesimply theratiosof the areaof the
threetrianglesformedby the trial pointandthe backgroundriangleto the areaof the

backgroundriangle.

4. The alreadycomputednodedensitiesof the nodesof the backgroundriangle(L1, L»

andL3) arenow recalled.

5. Thenew lengthof thetrial point from the edgeof the front is now recomputedased
onasuitablefunctionof theabove 6 parameterst, (3, y, L1, Lo andLs.
6. Having got a new trial point, iterationstartsagainfrom 2, till the next point obtained

by the proceduras the sameasthe previous point or within a certaintolerancebandof

the previouspoint.

e Having gotthefinal insertionpoint,the AFM proceedsill thetriangulationis completed.

Also, apartfrom the abore mentioned6 parametersthe gradationfunction is implementecdto

acceptwo additionalparameters andy which specifythelocationof the currenttrial point.

5.4 Efficiency

Theefficiengy of thealgorithmimplementedbove notonly dependsiponthenumberof boundary
pointsN but alsoon the areaof the continuumto be discretisecandthe gradationfunction used.
Sincethe AFM itself is iterative,anaccuratestatemenaboutthe efficiengy in termsof thenumber

of boundarypointsN cannotbe made.
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Chapter 6

Surface Triangulation

Surfacetriangulationis animportantmilestonen 3D meshgeneratiorasit formstheinputfor the
tetrahedralisationf volumeswhichis a 3D analogof triangulationin 2D. Efficient methoddike
Delaunaytriangulationcannotbe appliedto surfacesasthe Delaunaycriterionis not definedfor
surfacedikeit is for planardomaing2D) or volumes(3D).

Thefollowing two methodscanbe employedfor surfacetriangulation-

1. Triangulationin ParametricDomain- One-to-onanappingof thesurfacecomponenbntoa
2D parametricdomainis done.Gradedriangulationis thenappliedto the parametriglane
takinginto consideratiorthe actualedgelengthsandcurvaturein 3D. The generatedjrid is
thentransformedackto 3D surface.Sincethebasictriangulationtakesplacein the2D (u,v)
plane this methodis justanextensionof the 2D algorithmdescribecdkarlier andis expected

to provide quality gridsfor variousapplications.

2. DirectTriangulation- Triangulationdonein 2D canbe extendedo a surfaceby performing
directtriangulation(i.e., attemptingto triangulatethe surfaceasit is) [NS95]. The graded
triangulationasis cannotbe appliedhere,asDelaunaycriterionis not definedfor surfaces,

henceinitial triangulationcannotbe carriedout asdescribed.
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6.1 Input : Linear Coonssurface

Theinputfor thesurfacetriangulatiorroutineimplementedereis thebilinearCoonssurface/patcfiGH73,
RA90].

If thefour boundarycurvesin (u,v) spaceP(u,0), P(u,1), P(0,v) andP(1,v) areknown, and
a bilinearblendingfunctionis usedfor the interior of the surfacepatch,a linear Coonssurfaceis

obtained |t is givenby
P'(uv) = (1-Vv)P(u,0)+VvP(u,1)+ (1—u)P(0,v)+uP(1,v)

—(1-u)(1-Vv)P(0,0) — (1 —u)vP(0,1)
—u(1-v)P(1,0) —uvP(1,1)

where0 <u<1,0<v< 1 It canbeeasilyseenthat,atthecorners,

P'(0,0) = P(0,0), P'(0,1) = P(0,1), P'(1,1) = P(1,1), P'(1,0) = P(1,0)
andalongtheboundaries,

P'(u,0) = P(u,0), P'(u,1) = P(u, 1), P’(0,v) = P(0,v), P'(1,v) = P(1,v)
More compactlytheequationcanwritten as

—-P(0,0) —P(0,1) P(0O,v) 1-v
Puv)=|1-u u 1|| -P(1,0) —P(1,1) P(1,v) v
P(u0) Pl 0 1

A mappingfunctionthengives(x,y, z) correspondindo every (u,v). In theimplementatiorhere,
the four boundarycurveshapperto be B-splinecunes(BSCs). Thefunctions(1—u), u, (1—v),
andyv arecalledblendingfunctionsbecauséhey blendtheboundarycurvesto produceheinternal
shapeof the surface. Thelinear Coonssurfaceis the simplestof the Coonssurfaces.Examplesof
thesesurfacesareFigures6.1and6.2. A C codefor IITZeususingX/Motif waswritten asa part

of this projectto obtainthis.
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6.2 Algorithm andimplementation

1. Four BSCswith C° continuity (end-pointsbeingcommon)arereadfrom the databaseanda
CoonsSurfaceis madefromit, i.e.,aone-to-onenappingfunctionfrom (u, v)-spacg(0, 1] x

[0,1]) to (x,y,2)-spaceg0°%) is established.

2. The 2D (u,v)-spaces now triangulatedusinggradedtriangulationdescribecearlier Here,
themajorchanges the useof theactual3D lengthsof the segmentsasoneof theadditional
gradingparameters.This meansthat wheneer a trial pointin (u,v)-spaceis chosenthe
correspondingointin 02 is determinedandits 3D distanceswith the neighbouringpoints
in the front is alsousedto re-adjustthe original point. This is doneby simpleiterationtill

somekind of corvergences obtainedbetweerthetwo consecutie points.

3. Thus, the triangulationtakes placein pseudo-3Dand wheneer a point in (u,v)-spaceis

insertedjt is mappedackto O3andthe correspondindriangleis displayed.
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Chapter 7

Resultsand Conclusions

Theresultsgeneratetby thegradedriangulatiorroutineimplementedn ANSI C canbeseerhere.
Theroutineis integratedwith the IITZeus ervironmentwhich facilitatesthe input and output of
thedata.Eachresultof thegradedriangulationroutineis comparedvith the AFM routinealready
implementeckarlier

For all theresultsobtainedby thegradedriangulationshavn here thesamegradatiorfunction
L = (aLi+ BL2+yL3)/3 is used. It canbe clearly seenfrom theseresultsthat the triangulation
obtainedis someavhat densearoundthe specifiedboundaryandrelatively sparseaway from the
boundaryandthis gradationoccursmuchmore smoothlythanthe correspondingAFM triangula-
tion.

Thetime comparisorbetweergradedriangulatiorandAFM is notshavn asit greatlydepends
onthenumberof trianglesgeneratedvhichis differentfor boththe methodsvenfor the sametest
datadependingnthegradationfunction. However, in the caseof samenumberof trianglesin the
output,thetime differencebetweerthetwo is small, AFM beingonly slightly faster

It canbe further concludedhatthe usernow hasa muchbettercontrol over the triangulation
generatedy meansof the gradationfunctionto be specified,which is absentin both AFM and

Delaunaytriangulation.
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Figure7.1: Gradedriangulation- Testdatal

Figure7.2: Advancingfront triangulation- Testdatal
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Figure7.3: Gradedriangulation- Testdata2
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Figure7.4: Advancingfront triangulation- Testdata2
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Figure7.6: Advancingfront triangulation- Testdata3
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Figure7.8: Advancingfront triangulation- Testdata4
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Figure7.10: Advancingfront triangulation Testdata5
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Figure7.19: Gradedriangulation- Testdatal0

Figure7.20: Advancingfront triangulation- TestdatalO
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Figure7.21: Gradedriangulation- Testdatall
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Figure7.22: Advancingfront triangulation- Testdatall
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Chapter 8

Scopeof the Project

e Thegradedriangulatiorroutineimplementedereuseswo maindatastructuredor storage.
The TRI structure[Nan95] is usedfor the initial Delaunaytriangulationand the EDGE
structure[Sha9§ is usedfor the AFM. This leadsto mary redundanciesn storageand
inefficiency in codingof several routinesdueto constaninteractionbetweerthe two data
structures A new datastructureoptimizedfor the above work will helpgreatlyin speeding

up theroutineandreducingmemoryrequirements.

¢ Theefficiency of theroutinefor determininghebackgroundrianglein whichthetrial point
is locatedcanbe greatlyenhancedy usinga better(althoughmore comple) searchalgo-
rithm. Thepresentmplementations abruteforcemethodwhich searchethroughtheentire
list of trianglesfor thelocationof thegivenpoint. Theinformationof theneighbourof each

trianglein thelist storedby the TRI structurecanbe possiblyutilized to our advantagehere.

e Theinputroutinecanbeextendedo includeB-splinesurface(BSS)andotherparametrically

definedsurfacesaswell, aswell asfor closedsurfaces.

e Thealgorithmcanbeextendedo usetheJacobiar{curvature)of thesurfaceasanadditional
parametefor pointinsertion. This shouldgive morecontrol on the triangulationobtained,

andhenceabettermesh.
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