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Abstract

Triangulationis oneof themostimportantandwidely usedmethodsof unstructuredmeshgen-

erationtoday. This reportdescribesGradedTriangulation, which is essentiallyan extensionof

theadvancingfront method(AFM) to obtaina smoothgradationin themesh.Thereportbegins

with an introductionto meshgenerationandthe generalconceptsinvolved. It alsodescribesthe

variousmeshgenerationtechniques.Sincethis triangulationrequiresboth AFM andinitial De-

launaytriangulation,botharealsodiscussedin brief. Theimplementationof gradedtriangulation

is explainedandits extensionto surfacetriangulationdiscussed.Finally, a comparisonbetween

gradedtriangulation(in 2D) andAFM is broughtaboutwith thehelpof severalexamples.
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Chapter 1

Intr oduction

Many problemsin CFD, ComputationalPhysicsetc., involve the numericalsolutionof a setof

equationsin a complicatedshapedomain.Thesolutionof suchproblemsrequiresthedomainto

bediscretizedto produceasetof pointsonwhichthenumericalalgorithmcanbebased.For some

problems,the generationof a suitablegrid/meshcanbe asdemandingas the effort requiredto

performthecomputationsfor which thegrid wasintended.In recenttimes,considerableattention

hasbeenfocusedon thediscretizationprocess,which is commonlycalledmeshgeneration.

Numericalmeshgenerationhasnow becomea fairly commontool for usein the numerical

solutionof PDEson arbitrarily shapedregions. This is especiallytruein CFD, from which came

muchof the driving force for the developmentof this technique,but the proceduresareequally

applicableto all physicalproblemsthat involve field solutions.Thebasictechniquesinvolvedin

numericalmeshgenerationare-

1. a meansof distributingpointsover thefield in anorderlyfashion,sothatneighborsmaybe

easilyidentifiedanddatacanbestoredandhandledefficiently.

2. a meansof communicationbetweenpoints,so that a smoothdistribution is maintainedas

pointsshift theirpositions.

3. a meansof representingcontinuousfunctionsby discretevalueson a collectionof points

with sufficientaccuracy, andameansfor evaluationof theerrorin this representation.
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4. a meansfor communicatingthe needfor a redistribution of pointsin the light of the error

evaluation,andameansof controllingthis redistribution.

Thistechniquefreesthecomputationalsimulationfrom restrictionto certainboundaryshapes,and

allowsgeneralcodesto bewritten in which theboundaryshapesis specifiedsimplyby input.

Thus,meshgenerationor grid generationis theprocessof decompositionof thedomain.With

the advent of Finite ElementMethods(FEM) andFinite VolumeMethods(FVM) which canbe

appliedto grid cells of any arbitrary shapeand connectivity, unstructuredmeshesare now be-

ing widely used. Triangulationis the most widely usedform of unstructuredmeshgeneration

asany givenarbitrarycomplex geometrycanbemoreflexibly filled by triangularelementsthan

by quadrilateralelements.Triangulationplaysan importantrole in FEMs, numericalanalysis,

computer-aidedgeometricdesign(CAGD), approximationtheory, andelsewhere.Theapplicabil-

ity andaccuracy of thefinite elementanalysisis dependentuptoa largeextenton thevalidity and

qualityof themeshesgenerated.Thusit is importantto haveanacceptableandefficientprocessof

meshgenerationfor all typesof domains.

In somecases,the type and quality of triangulationis much more importantthan the time

taken to generatethe triangulation. For example,in caseof boundarylayer calculations,like in

a flow pastan airfoil, morepointsare requiredaroundthe boundarythanaway from it. Here,

conventionaltriangulationmethodslike DelaunayandAdvancingFront often fail posinga need

for anothermethodwhich cangive gradualvariationor gradationin the triangulationgenerated.

This is whereGradedTriangulationcomesinto focus,which usesanappropriatecombinationof

DelaunayandAdvancingFrontmethodsto generatetherequiredmeshfor thispurpose.

Theaim of this projectis to developa fully automaticunstructuredtriangularmeshgenerator.

Work donein this projectalso forms an integral part of IITZeus, a surfacemodelingandmesh

generationpackagebeingdevelopedby theDepartmentof AerospaceEngineeringat IIT, Bombay.

Thepackagecangeneratecurveslike B-splinecurves(BSC)andpiecewise linearcurves(PLC),

andsurfaceslike B-splinesurfaces(BSS),piecewise bi-linear surfaces(PBLS),surfacesof rev-

olution (RS) andCoon’s patches.Theseform the basisfor generatingthe variousinputsfor the

triangulationroutines.
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Chapter 2

MeshGeneration

2.1 Generalconcepts

2.1.1 Definition

A meshof a domainΩ, is definedby a set τh of finite numberof segmentsin 1D; segments,

trianglesandquadrilateralsin 2D; andsegments,triangles,quadrilaterals,tetrahedra,pentahedra

andhexahedrain 3D. [Geo91]

2.1.2 Conformity

Thesetτh is a conformalmeshof domainΩ (Figure2.1),if f

1. ThedomainΩ is completelyandexactlycoveredby themeshτh. WhenthedomainΩ is not

polygonal(in 2D) or polyhedral(in 3D) (i.e., if it is definedby asmoothcurveor asurface),

themeshτh will only beanapproximatepartitioningof thedomain.

2. All elementsof meshτh musthaveanon-emptyinterior.

3. Theintersectionof any 2 elementsin themeshτh is eitheranemptyset,a point,anedgeor

a face(of bothelements).
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Figure2.1: Conformalandnon-conformalmeshes

2.1.3 Quality of the mesh

Therearenumerouscriteriafor decidingthequality of a mesh[Geo91].A few of thesecriteriaas

applicableto planar/surfacemeshesare-

1. Thevariationin theareaof theelementsshouldnotbetoo large.

2. Theaspectratioof triangularelementsshouldbeascloseto 1 aspossible.

The aspectratio of a triangularelementis definedas the ratio of the circumradiusof the

triangleto twice its inradius.Hencetheaspectratioof anequilateraltriangleis exactly1.

3. Theratioof thelargestto thesmallestedge/angleof theelementshouldbecloseto 1.

4. Theratio of theareaof thelargest/smallestelementto all theimmediateneighboursshould

not bedrasticallylow/high.

2.1.4 Connectivity of the mesh

The connectivity of a meshis the definition of the connectionof its vertices. A meshis called

structuredif the connectivity is samethroughoutthe meshand eachelementhasa fixed num-
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Figure2.2: Structuredandunstructuredmeshes

berof neighbours.An unstructuredmeshdoesnot have a fixedconnectivity amongits elements

(Figure2.2).

2.2 Meshgenerationmethods

Thevariousmethodsavailablefor meshgenerationcanbeenumeratedas[Sha96]-

1. Manual generation - In this approachthe userdefineseachelementby the vertices. This

approachis feasibleonly whena limited numberof elementsarerequiredandthedomainis

verysimple.

2. Transportmappingmethod- Also known asTransfiniteInterpolationmethod,it involves

blendingof ameshgeneratedin aparametricdomaininto therealdomain,astheparametric

boundaryblendsinto therealboundary.

3. Explicit solutionof Partial Differential Equations- In this approachthemeshis first gener-

atedin a parametricdomainin a simplegeometry(quadrilateral,tetrahedronetc.). Thena

mappingfunction is definedto ensurepropertiessuchasboundaryconformity, orthogonal-

ity of elements,variabledensityof elementsandthelike. Suchmethodsresultin structured

meshes.
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4. AdvancingFrontMethods(AFM) - Thesemethodsarewidely usedto createplanar, surface

andvolumegrids which canhave triangular, quadrilateralor higherorderelements.The

boundaryis representedascontinuousor discretisedcurve(s)(for 2D meshgeneration)and

triangulatedor continuoussurface(s)(for 3D meshgeneration).A front, initialisedby the

boundaryis established.Thefront is updatedasnew internalpointsarecreatedtill thefront

becomesempty, alsosymbolisingthecreationof themeshin theentiredomain.

5. Delaunay-VoronoiTriangulation- Thisalgorithmis widely usedfor tetrahedralisationof 3D

domains(alsoknown as3D triangulation).This resultsin a meshwhich is optimalfor a set

of givenpointsin the domain. However, the quality of the meshdependsuponthe points

specifiedanda badchoiceof pointsmayresultin poortriangulation.This methodis much

fasterthantheAFM.

6. Sweeplinemethod- This algorithm constructsthe Voronoi tessellationby searchingfor

Voronoi region boundariesin an orderly fashion. The nodesaresortedin a specificcoor-

dinatedirection. A sweeplineis definedasthe descriptionof the intersectionof a moving

line perpendicularto the specifieddirectionwith the Voronoi boundaries.The sweepline

startsfrom the leastvalueof sortedcoordinatesandmovesto the otherextreme. As each

nodeis encounteredby thesweepline,new bisectorsof the lines joining two nodesarein-

troducedin it. The aim is to detectthe point of intersectionof threebisectorsto get the

circumcenterof the triangleformedby threenodes.This is a relatively new andinvolved

algorithmbut a timecomplexity betterthanDelaunay’salgorithmis claimed.
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Chapter 3

AdvancingFront Triangulation

3.1 Intr oduction

This methodis particularlysuitedfor theboundaryrepresentationof domains.If theboundaryis

continuous,it is discretisedto giveapiecewiselinearcurve(PLC)basedroughlyuponthenumber

of trianglesrequiredin thedomain.Theinitial front is asetof line segmentsdefiningtheboundary

completely. Usually, theinternalandtheexternalcurvesarespecifiedin oppositesensein orderto

getaconvergentalgorithm.Thisis usefulif new pointsareplacedonly ononesideof theboundary

asthecurvesaretraversedin thespecifiedsense.A methodof selectionof trial point which leads

to directgradedtriangulationis discussedhere.

3.2 Algorithm

Thegeneralalgorithm[Geo91]is

1. Definetheboundaryof thedomainto bediscretised.

2. Initialise thefront asapiecewiselinearcurve in conformitywith theboundary.

3. Theedgetobedeletedfromthefront is chosenbaseduponsomecriterion(generallysmallest

edgeis chosenasit givesgoodqualitymeshes).
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4. For theedgeto bedeleted-

(a) Selectthetrial pointposition(trial pointis thepointlying insidethedomainandmaking

anequilateraltrianglewith theedgeto bedeleted).

(b) Searchfor any alreadyexisting point within a certainproximity of the trial point. If

any suchpointexistsit becomesthetrial point. Continuethesearch.

(c) Determinewhethertheelementformedwith thenew idealpoint crossesany edges.If

yes,selectanew trial point from thefront andtry again(go to 4b).

5. Add thenew point,edgesandtrianglesto therespective lists.

6. Deletethebaseedgefrom thefront andaddthenew edges.

7. If thefront is non-empty, go to 3.

3.3 Newpoint insertion

Dependingon α, the anglebetweentwo consecutive edgesof the front, threepossibilitiesarise

regardingthenew point insertionandedgedeletion[Geo91].� α � π
�
2. Thetwo segmentsareretainedandbecometheedgesof thenew trianglescreated.

(Figure3.1)� π
�
2 � α � 2π

�
3. An internalpoint andtwo trianglesaregeneratedfrom thetwo segments.

(Figure3.2)� 2π
�
3 � α

�
2. Onesegmentis retainedwhile a trianglewith thisedgeandaninternalpoint is

created.(Figure3.3)

A moredetailedinformationandimplementationdetailscanbefoundin [Sha96]or [Geo91].

8



α
S 1

S 2

S
3

S 4

S 5

Figure3.1: New point insertion: α � π
�
2

S 1

S
2

S 4

S 5

S

α

3
S

Figure3.2: New point insertion: π
�
2 � α � 2π

�
3

α

S
1

S 2

S 3

S 4

S

S’

Figure3.3: New point insertion: α � 2π
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E 1

E 2
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D1

Figure3.4: Directgradedtriangulation

3.4 Determination of the trial point

The edgeof the initial front closestto the mid-point P of the baseedgeis found. A normal is

drawn throughthemid-pointof thatedgeandtheclosestedgeof the initial front that it intersects

is determined(Figure3.4). If thedistanceof point P from mid-pointof both theedgesis D1 and

D2 respectively andif L1 andL2 aretherespectiveedgelengthsthentherequiredlengthof thenew

edgesis calculatedas

L � D1L2 � D2L1

D1 � D2

Triangulationusingthismethodfor selectionof trial point is termedasdirectgradedtriangulation

whichis implementedherein IITZeus(Figure3.5).Thisalgorithmrequiresmany calculationsand

henceslowsdown thetriangulationslightly. [Sha96]
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Figure3.5: Advancingfront triangulation- anexample
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Chapter 4

DelaunayTriangulation

4.1 Intr oduction

Delaunaytriangulationis themostwidely usedtriangulationmethodin unstructuredmeshgener-

ation. It is oneof the fastesttriangulationmethodswith relatively easierimplementation,giving

excellentresultsfor mostapplications.

4.2 Voronoi tessellation

Beforeattemptingto learnaboutDelaunaytriangulationit is helpful to learnaboutVoronoitessel-

lationalsoknownasTheissenor Dirichlet [Bow81] tessellation.Voronoitessellationisageometric

dualof Delaunaytriangulationandonecanbederivedfrom theother. Givena setof N pointsin

a plane,Voronoi tessellationdividesthe domainin a setof polygonalregions,the boundariesof

whicharetheperpendicularbisectorsof thelinesjoining thepoints(Figure4.1).Furthermoreeach

tile containsonly oneof theN points. If both theseconditionsaresatisfiedthenthelines joining

thepointsform ameshknown astheDelaunaytriangulation.Accordingto theDelaunaycriterion,

thecircumcircleof every triangleis soformedthatit doesnot containany point of themesh.Ex-

ceptin degeneratecases,the verticesof Voronoi tessellationoccurwherethreetiles meet. Each

Voronoivertex is circumcenterof a Delaunaytriangle.In degeneratecasesmorethanonetriangle

12



Figure4.1: VoronoitessellationandDelaunaytriangulation

maybevalidly possible.

SinceDelaunaytriangulationis thegeometricdualof Voronoitessellation,many methodshave

beenformulatedto arriveat theformerusingthelatter, thoughmany methodsfor directtriangula-

tion have alsobeenformulated[HS88,LS80]. In Delaunaytriangulationtheboundarytriangula-

tion is not difficult but placingtheinteriorpointsat inappropriateplacesmayresultin badmeshes

eventhoughtheDelaunaycriterionis satisfied.

4.3 Algorithms

A few algorithmsfor Delaunaytriangulationareenumeratedas[Sha96]-

1. Watson’s algorithm- Watson’s algorithm[Nan95]startsby forming a super-trianglewhich

is a triangleencompassingall the given pointsof the domain. Initially the super-triangle

is flaggedas incomplete(Figures4.2, 4.3, 4.4 and4.5). Thenthe algorithmproceedsby

incrementallyinsertingnew points in the existing triangulation. A searchis madefor all

thetriangleswhosecircumcirclescontainthenew point andthey aredeletedto givewhatis

13



known asaninsertionpolygon.This givesthenew triangulation.This processis continued

till all pointsto be insertedareexhaustedandthenall triangleshaving the verticesof the

super-trianglearedeleted.

This is oneof thesimplestandthemostextensively usedalgorithmfor Delaunaytriangula-

tion.

2. Lawson’s algorithmor thediagonalswappingalgorithm- If a point is addedto anexisting

triangularmeshthencircumcirclesareformedfor all new trianglesformed. If any of the

neighbourslie insidethe circumcircleof any triangle,thena quadrilateralis formedusing

thetriangleandits neighbour. Thediagonalsof thisquadrilateralareswappedto giveanew

triangulation.This processis continuedtill thereareno morefaulty trianglesandno more

swapsarerequired.

3. Fang and Piegl algorithm - This algorithm for triangulationplacesthe given points in a

uniform meshandcreatestrianglesin a circular manner. The authorsclaim a linear time

complexity for thealgorithm.Thealgorithmalsoproducestheconvex hull of thegivenset

of pointsat no extra cost. The algorithmis so designedthat pointsonly on oneside the

currentpoint underconsiderationhave to bechecked for theDelaunaycriterion. However,

thisalgorithmrunsinto troubleswhentoomany pointslie onastraightline.

4. ConstrainedDelaunayTriangulation(CDT) - If a setof pointsin a planeanda setof non-

crossingedgesarespecifiedthentheCDT createsa meshsuchthat-

(a) All thespecifiededgesareincludedin thetriangulation.

(b) It is ascloseto Delaunaytriangulationaspossible.

This algorithmhasbeentestedto work in a time complexity of O � N logN 	 for N specified

pointsin thedomain.If asetof pointsandnon-crossingedgesarespecifiedthentheCDT of

thegivensethasthepropertythatfor all new edgesthereexistsacirclesuchthat,� theendpointsof theedgelie on thecircle,and

14



Figure4.2: Watson’salgorithm: Initial triangulation

X

X

X

Figure4.3: Watson’salgorithm: Pointinsertion

Figure4.4: Watson’salgorithm: Elementdeletion

Figure4.5: Watson’salgorithm: Finalmesh
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� if any new nodeis in thecircle, thenit is invisible from at leastoneof thenodesof the

edge,i.e., if linesaredrawn from thepoint to the two nodesof theedgethenat least

oneof themwill intersectwith oneof theedgesof themesh.

Thus,if no edgesarespecified,the CDT is the sameasDelaunaytriangulation.CDT is a

divide-and-conqueralgorithmsincethegivendatais sortedaccordingto any onedimension

andthedomainis dividedinto strips. TheCDT for eachstrip is thencalculatedandpasted

to form new stripswhoseCDT is thencalculated.This processis repeatedtill theCDT for

theentiredomainis obtained.

5. Sweeplinealgorithm- In aVoronoitessellation,asweeplineis definedastheintersectionof

a moving horizontalline with theVoronoiboundaries.Circumcirclesarelocatedby finding

the point of intersectionof threebisectorsof the lines joining the nodes.But the Voronoi

polygonsobtainedthis way arenot very robustandtherehave beenonly a few attemptsto

tacklethisproblem.A one-to-onegeometrictransformationmapsabisectorontoahyperbola

or averticalhalf-line. Any bisectorbetweenany two nodes,sayp andq, is mappedas

x
�� x �
y
�� y �  � xp � x	 2 � � yp � y	 2

Thetransformationmapsx assuchandy astheoriginal valueandthedistancebetweenthe

pointandthenodep. ThemappedVoronoiregionsRp 
 andRq 
 areboundedby themapped

bisector, sayCpq, which is eithera hyperbolaor a straighthalf-line. A bisectoris generated

only if thesweeplinehasreachedbothformingnodes.An expectedvertex is theintersection

pointof two neighbouringbisectors.

4.4 Initial Delaunaytriangulation

WhenDelaunaytriangulationis carriedout on only the boundarypointsspecifiedwithout any

extra point beinginsertedin thedomain,thetriangulationgeneratedis known asinitial Delaunay

or backgroundtriangulation(Figure4.6). This triangulationis utilisedin thegradedtriangulation

16



describedlater. A final Delaunaytriangulationof thesamedomainusingtheareacriterion[Nan95]

is alsoshown (Figure4.7).
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Figure4.6: Initial Delaunaytriangulation- anexample

Figure4.7: FinalDelaunaytriangulationusingareacriterion- anexample
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Chapter 5

Graded Triangulation

5.1 Intr oduction

Althoughverypopular, theAFM hasmany shortcomings.Oneof themis thatsincenoinformation

aboutthebackgroundmeshis known (i.e.,therestof thefront), thereis ahighchanceof theclash-

ing of fronts(Figures7.4,7.14)or occurrenceof sliver triangles(Figure7.22). Also, in physical

problemslikehighspeedflowsoverbodies(likeflow overairfoil - Figure7.1),themeshis usually

requiredto be adaptedor gradedin a particulardirection. More numberof triangles(i.e., dense

triangulation)is requiredaroundthe boundaryandfewer numberof trianglesarerequiredaway

from theboundary. Delaunaytriangulation,althoughvery fast,cangiveuniformtriangulation,but

cannotgivethiskind of gradationrequired.Hence,anew approachis requiredto achievethis. This

approachusesbothDelaunaytriangulationandAFM in successionto achieve thedesiredresults.

5.2 Algorithm

A popularmethodof gradedtriangulationis by useof a backgroundmeshfor theentiredomain.

The backgroundmeshis a triangulatedmeshgeneratedusingonly the boundarypoints. Sucha

meshcanbegeneratedby theuseof initial Delaunaytriangulation.Now thegradedtriangulation

differsfrom theAFM only in thatthefunctionfor calculatingthetrial point is modifiedto accom-
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modatethe grading. This function now usesthe informationof the backgroundmeshsuchthat

thelengthof thetriangle’sedgesincreasefrom theminimumvalueto themaximum.At any point

in thedomaintheedgelengthof thesidesof thetriangleunderconstructionarecalculatedto en-

suregradualvariationby finding thebackgroundtrianglethatenclosesthepoint. Thebarycentric

coordinatesof the point with respectto the threenodesof the trianglearecalculated.Themesh

densityat any nodeis definedasthemeanof thelengthsof theedgesmeetingat thatpoint. If the

meshdensityat thenodesof thetrianglecontainingthepoint areL1, L2 andL3 andtherespective

barycentriccoordinatesof the point areα, β andγ (note that α � β � γ � 1), then the required

lengthsof thenew edgesaregivenby

L � αL1 � βL2 � γL3

The disadvantageof this methodis that the Delaunaytriangulationfor initial triangulation

shouldbedonebeforestartingtheactualtriangulation,but it resultsin afarbettermeshthandirect

gradedtriangulationwhichdoesnotuseany backgroundmesh.

5.3 Implementation

Theabovealgorithmrequirestheimplementationof boththeDelaunaytriangulationandtheAFM.

Thesehave beendoneasdescribedin thepreviouschapters.Thealgorithmcannow bedescribed

as- � The domain/boundaryis read(only onelevel of holesareallowedfor needof continuum)

andconvertedto aPLC if not alreadyso.� Initial Delaunaytriangulationisdoneusingtheseboundarypointsandthetrianglesarestored

in aTRI structure[Nan95].� Thenodedensityof eachboundarypoint is now computedusingtheabove informationand

stored.This is simply themeanof all theedgesin thetriangulationmeetingat thatpoint.
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� Now, theAFM proceedsandthefunctionfor determiningthenew insertionpoint is modified

asfollows-

1. A first approximationto theinsertionpoint (calledtrial point) is madein thesameway

asdescribedearlierfor theconventionalAFM.

2. Usingthis point, thebackgroundtrianglecontainingthepoint is foundusinga simple

searchalgorithm.

3. Uponfinding this backgroundtriangle,thebarycentriccoordinates(α, β andγ) of the

trial pointw.r.t. thetriangleis computed.Thesearesimply theratiosof theareaof the

threetrianglesformedby thetrial point andthebackgroundtriangleto theareaof the

backgroundtriangle.

4. Thealreadycomputednodedensitiesof thenodesof thebackgroundtriangle(L1, L2

andL3) arenow recalled.

5. Thenew lengthof the trial point from theedgeof the front is now recomputedbased

onasuitablefunctionof theabove6 parametersα, β, γ, L1, L2 andL3.

6. Having got a new trial point, iterationstartsagainfrom 2, till thenext point obtained

by theprocedureis thesameasthepreviouspointor within acertaintolerancebandof

thepreviouspoint.� Having got thefinal insertionpoint, theAFM proceedstill thetriangulationis completed.

Also, apart from the above mentioned6 parameters,the gradationfunction is implementedto

accepttwo additionalparametersx andy whichspecifythelocationof thecurrenttrial point.

5.4 Efficiency

Theefficiency of thealgorithmimplementedabovenotonly dependsuponthenumberof boundary

pointsN but alsoon theareaof thecontinuumto bediscretisedandthegradationfunctionused.

SincetheAFM itself is iterative,anaccuratestatementabouttheefficiency in termsof thenumber

of boundarypointsN cannotbemade.
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Figure5.1: Gradedtriangulation- anexample
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Chapter 6

SurfaceTriangulation

Surfacetriangulationis animportantmilestonein 3D meshgenerationasit formstheinput for the

tetrahedralisationof volumeswhich is a 3D analogof triangulationin 2D. Efficient methodslike

Delaunaytriangulationcannotbeappliedto surfacesastheDelaunaycriterion is not definedfor

surfaceslike it is for planardomains(2D) or volumes(3D).

Thefollowing two methodscanbeemployedfor surfacetriangulation-

1. Triangulationin ParametricDomain- One-to-onemappingof thesurfacecomponentontoa

2D parametricdomainis done.Gradedtriangulationis thenappliedto theparametricplane

takinginto considerationtheactualedgelengthsandcurvaturein 3D. Thegeneratedgrid is

thentransformedbackto 3D surface.Sincethebasictriangulationtakesplacein the2D (u,v)

plane,thismethodis justanextensionof the2D algorithmdescribedearlier, andis expected

to providequalitygridsfor variousapplications.

2. DirectTriangulation- Triangulationdonein 2D canbeextendedto asurfaceby performing

direct triangulation(i.e., attemptingto triangulatethe surfaceasit is) [NS95]. Thegraded

triangulationasis cannotbeappliedhere,asDelaunaycriterionis not definedfor surfaces,

henceinitial triangulationcannotbecarriedoutasdescribed.
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6.1 Input : Linear Coonssurface

Theinputfor thesurfacetriangulationroutineimplementedhereis thebilinearCoonssurface/patch[GH73,

RA90].

If thefour boundarycurvesin � u � v	 space,P � u � 0	 , P � u � 1	 , P � 0 � v	 andP � 1 � v	 areknown, and

a bilinearblendingfunctionis usedfor the interior of thesurfacepatch,a linearCoonssurfaceis

obtained.It is givenby

P��� u � v	�� � 1 � v	 P � u � 0	 � vP� u � 1	 � � 1 � u	 P � 0 � v	 � uP� 1 � v	� � 1 � u	�� 1 � v	 P � 0 � 0	 � � 1 � u	 vP� 0 � 1	� u � 1 � v	 P � 1 � 0	 � uvP� 1 � 1	
where0 � u � 1, 0 � v � 1. It canbeeasilyseenthat,at thecorners,

P��� 0 � 0	�� P � 0 � 0	�� P��� 0 � 1	�� P � 0 � 1	�� P��� 1 � 1	�� P � 1 � 1	�� P��� 1 � 0	�� P � 1 � 0	
andalongtheboundaries,

P� � u � 0	�� P � u � 0	�� P� � u � 1	�� P � u � 1	�� P� � 0 � v	�� P � 0 � v	�� P� � 1 � v	�� P � 1 � v	
Morecompactly, theequationcanwrittenas

P� � u � v	���� 1 � u u 1 �
����� � P � 0 � 0	 � P � 0 � 1	 P � 0 � v	� P � 1 � 0	 � P � 1 � 1	 P � 1 � v	

P � u � 0	 P � u � 1	 0

����� 
����� 1 � v

v

1

����� 
A mappingfunctionthengives � x � y� z	 correspondingto every � u � v	 . In theimplementationhere,

thefour boundarycurveshappento beB-splinecurves(BSCs).Thefunctions � 1 � u	 , u, � 1 � v	 ,
andv arecalledblendingfunctionsbecausethey blendtheboundarycurvesto producetheinternal

shapeof thesurface.ThelinearCoonssurfaceis thesimplestof theCoonssurfaces.Examplesof

thesesurfacesareFigures6.1and6.2. A C codefor IITZeususingX/Motif waswritten asa part

of thisprojectto obtainthis.
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Figure6.1: LinearCoonssurface(20 � 20)

Figure6.2: LinearCoonssurface(30 � 30)
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6.2 Algorithm and implementation

1. FourBSCswith C0 continuity(end-pointsbeingcommon)arereadfrom thedatabase,anda

CoonsSurfaceis madefrom it, i.e.,aone-to-onemappingfunctionfrom � u � v	 -space�"! 0 � 1#$�! 0 � 1#%	 to � x � y� z	 -space(ℜ3) is established.

2. The2D � u � v	 -spaceis now triangulatedusinggradedtriangulationdescribedearlier. Here,

themajorchangeis theuseof theactual3D lengthsof thesegmentsasoneof theadditional

gradingparameters.This meansthat whenever a trial point in � u � v	 -spaceis chosen,the

correspondingpoint in ℜ3 is determinedandits 3D distanceswith theneighbouringpoints

in the front is alsousedto re-adjusttheoriginal point. This is doneby simpleiterationtill

somekind of convergenceis obtainedbetweenthetwo consecutivepoints.

3. Thus, the triangulationtakes placein pseudo-3Dand whenever a point in � u � v	 -spaceis

inserted,it is mappedbackto ℜ3andthecorrespondingtriangleis displayed.
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Chapter 7

Resultsand Conclusions

Theresultsgeneratedby thegradedtriangulationroutineimplementedin ANSI C canbeseenhere.

The routineis integratedwith the IITZeus environmentwhich facilitatesthe input andoutputof

thedata.Eachresultof thegradedtriangulationroutineis comparedwith theAFM routinealready

implementedearlier.

For all theresultsobtainedby thegradedtriangulationshown here,thesamegradationfunction

L �&� αL1 � βL2 � γL3 	 � 3 is used. It canbeclearlyseenfrom theseresultsthat the triangulation

obtainedis somewhat densearoundthe specifiedboundaryandrelatively sparseaway from the

boundaryandthis gradationoccursmuchmoresmoothlythanthecorrespondingAFM triangula-

tion.

ThetimecomparisonbetweengradedtriangulationandAFM is notshownasit greatlydepends

onthenumberof trianglesgeneratedwhich is differentfor boththemethodsevenfor thesametest

datadependingon thegradationfunction.However, in thecaseof samenumberof trianglesin the

output,thetimedifferencebetweenthetwo is small,AFM beingonly slightly faster.

It canbefurtherconcludedthat theusernow hasa muchbettercontrolover thetriangulation

generatedby meansof the gradationfunction to be specified,which is absentin both AFM and

Delaunaytriangulation.
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Figure7.1: Gradedtriangulation- Testdata1

Figure7.2: Advancingfront triangulation- Testdata1
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Figure7.3: Gradedtriangulation- Testdata2

Figure7.4: Advancingfront triangulation- Testdata2
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Figure7.5: Gradedtriangulation- Testdata3

Figure7.6: Advancingfront triangulation- Testdata3
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Figure7.7: Gradedtriangulation- Testdata4

Figure7.8: Advancingfront triangulation- Testdata4
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Figure7.9: Gradedtriangulation- Testdata5

Figure7.10:Advancingfront triangulation- Testdata5
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Figure7.11:Gradedtriangulation- Testdata6

Figure7.12:Advancingfront triangulation- Testdata6
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Figure7.13:Gradedtriangulation- Testdata7

Figure7.14:Advancingfront triangulation- Testdata7
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Figure7.15:Gradedtriangulation- Testdata8

Figure7.16:Advancingfront triangulation- Testdata8
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Figure7.17:Gradedtriangulation- Testdata9

Figure7.18:Advancingfront triangulation- Testdata9
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Figure7.19:Gradedtriangulation- Testdata10

Figure7.20:Advancingfront triangulation- Testdata10
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Figure7.21:Gradedtriangulation- Testdata11

AFM fails !!

Figure7.22:Advancingfront triangulation- Testdata11
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Chapter 8

Scopeof the Project

� Thegradedtriangulationroutineimplementedhereusestwo maindatastructuresfor storage.

The TRI structure[Nan95] is usedfor the initial Delaunaytriangulationand the EDGE

structure[Sha96] is usedfor the AFM. This leadsto many redundanciesin storageand

inefficiency in codingof several routinesdueto constantinteractionbetweenthe two data

structures.A new datastructureoptimizedfor theabovework will helpgreatlyin speeding

up theroutineandreducingmemoryrequirements.� Theefficiency of theroutinefor determiningthebackgroundtrianglein whichthetrial point

is locatedcanbegreatlyenhancedby usinga better(althoughmorecomplex) searchalgo-

rithm. Thepresentimplementationis abruteforcemethodwhichsearchesthroughtheentire

list of trianglesfor thelocationof thegivenpoint. Theinformationof theneighboursof each

trianglein thelist storedby theTRI structurecanbepossiblyutilizedto ouradvantagehere.� Theinputroutinecanbeextendedto includeB-splinesurface(BSS)andotherparametrically

definedsurfacesaswell, aswell asfor closedsurfaces.� Thealgorithmcanbeextendedto usetheJacobian(curvature)of thesurfaceasanadditional

parameterfor point insertion.This shouldgive morecontrolon the triangulationobtained,

andhencea bettermesh.
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